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Summary

The SU(2) monopole with a Dirac singularity was constructed in [1] and [2]. We study
its moduli space by identifying the tangent direction to the moduli space. The tangent
vectors to the moduli space are composed of the monopole’s phase and translational
zero modes. We construct the phase and translational zero modes using the Nahm

transform.

These zero modes are then used to construct the metric components gop and goq of the
SU(2) singular monopole moduli space, where 0 denotes the gauge coordinate and ¢
denotes the translational coordinates. We find the moduli space to be the Taub-NUT

space.

It has been shown by Nakajima [3] and Maciocia [4] that there is an isomorphism
between the monopole moduli space of regular monopoles and the moduli space of the
Nahm data used to construct them. We compute the moduli space of the Nahm data
of a singular monopole using the hyperkéahler quotient construction as described in [5].

We find it to be isometric to the moduli space of the singular monopole.

Finally we make an explicit connection between the moduli space of the Nahm data and
the monopole moduli space using Corrigan’s inner product formula [6] independently

proving this isomorphism.
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Chapter 1
Introduction

1.1 Non-Abelian Gauge Theory

Yang-Mills theory [7] is a generalization of Maxwell theory to non-Abelian gauge
groups. It is an example of more general gauge theories. In particular we are
interested in Yang-Mills-Higgs theory where in addition to the gauge fields we

have an adjoint scalar Higgs field.

The Lagrangian density for Yang-Mills-Higgs theory in Euclidean space with

gauge group G is

1 N
r— _2_92TT(FWF“ )+ ?TT(DMCIDD‘“I)) - V(®), (1.1)

where D,® = 0,® —i[A,, ®] is the adjoint covariant derivative, u,v =0, 1,2, 3,
and g is the dimensionless gauge coupling constant working in natural units. We

adopt the summation notation where repeated indices indicate summation over
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those indices. The Lagrangian density has dimension of 1/I* where [ is the unit
of length . F'is the Lie algebra of G valued field strength tensor of the gauge field
defined as F),, = 0,A, — 0, A, —i[A,, A,], where our gauge field A, transforms
as a vector under Lorentz transformation and transforms under the gauge group
as a connection A, — g~ 'A,g9+ ¢~10,9 where g is a G valued function for every
zr € R3. F has the dimension of 1/I? and both A and ® have dimension of 1/I.
In the language of fibre-bundles we can think of A as a connection on a vector
bundle of structure group G and where our gauge choice for A is the local bundle

trivialization and ¢ is a change of trivialization.

We are in particular interested in static connections in non-abelian gauge theory
that are solitonic. These are solutions which do not decay, are massive, and have
certain topological properties, such as a topological charge, which ensure that
the solution is stable. Solitons which are time independent, localized in R3(i.e.
are particle-like), and have magnetic charge are called monopoles. Monopoles
were first considered by Dirac in the context of electromagnetism in 1931 [8].
The experimental search for the magnetic monopole has not yielded a conclusive
result and the subject remained dormant until monopole-like solutions to gauge
theory were found by 't Hooft [9] and Polyakov [10] in 1974. Since then the study
of the theory of monopoles has continued apace and has yielded further uses and
insights into supersymmetric gauge theory and string theory [11]. One can find

a pedagogical review of monopoles in [12], [13], [14], and [15].

We note the physical importance of the magnitude of the dimensionless coupling
constant g. The coupling constant determines the strength of the interaction and

consequently what tools we can use to investigate the theory. If g is very small
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then the theory is weakly coupled and could be described using perturbation
theory. If ¢ is large then the theory is strongly coupled and non-perturbative
techniques would have to be used to describe the theory. The leading semi-
classical contribution in these strongly-coupled theories comes from monopoles
and instantons. The study of monopoles is therefore important for both weakly

and strongly coupled gauge theories.

To compute explicit monopole solutions we will take the BPS limit where V(®)

vanishes.

We also introduce the following notation for this section
(A, B) = /d%Tr(ATB), (1.2)
so in this notation the Lagrangian is

1 .1
L= /d3x£ =5 (Fu, F™) + 7 (D,®, D'®) — /d3xV(<I>) (1.3)

and has dimension of 1/1.

Through the calculus of variations we can derive energy functional of the theory

to be
1

E:E

((B:, Bi) + (E;, E;) + (D;®, D;®) + (Dy®, Dy®)), (1.4)

where B; = €5 Fji, Ei = Foi, t = 1,2,3, and E has dimension of 1/I. B; and E;

are both of dimension 1/1%.
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We can separate the energy functional into kinetic energy and potential energy

terms E =T + U, where

T = ((E;i, E;) + (Do®, Dy®)) , (1.5)

1
72
U = (BB + (D@ Dd)). (1.6)
Before we go further, let us briefly consider the gauge choice of our monopole
(/T, ®). Our Lagrangian density is a gauge invariant quantity allowing us to
choose some gauge in which to write our monopole fields (fT, ®). There are
certain advantages and disadvantages to each gauge choice. For instance the
choice of gauge where the Higgs field points in just one direction in group space
(such as é3) is known as the string gauge, and is singular along a Dirac string
and at the origin. Another gauge choice, the hedgehog gauge, has the Higgs field
pointing in the z direction in group space. This field is rotationally invariant
under combined rotation and global internal SU(2) transformation. We can
transform the monopole from hedgehog gauge to string gauge via a singular
gauge transformation. This gauge transformation would change the homotopy

class (or winding number) of the monopole.

The temporal gauge is an incomplete gauge where Ay = 0. We can consider a
time-independent monopole with nonzero Ay as being physically equivalent to a
time-dependent monopole in the temporal gauge where we have applied a gauge
transformation to compensate for the time dependence of the fields [12]. We
note that if Ay # 0 then the monopole has an electric charge in addition to a

magnetic charge making it a non-abelian dyon. Ag would be pointing in the same
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group space direction as the Higgs field [12] allowing us to draw a correspondence
between the Higgs field and Ay known as the Julia-Zee correspondence. These

gauge choices are surveyed in the pedagogical works of [13] and [14].

We choose the gauge of our monopole to be in hedgehog gauge as it will be more
convenient to work with.Also since we are interested in static monopoles with
just magnetic charge, we assume that all fields are time(zq)-independent and

that we are in temporal gaugeAy = 0. This is the static ansatz. We have that
E; = Fy = DyA" — D;A° = 9y A" = 0, (1.7)
and
Dy® = 9y® =0, (1.8)
hence the kinetic energy T vanishes.
We will later relax this assumption when we consider the moduli space of monopoles.
So we are left with

E=U = ((Bi, Bi) + (D;i®, D;®)),

1
9
1
— — ((Di®+ B, Di®+ B) — 2(D,, B)). (1.9)

)

Now we minimize the energy functional by first setting

D;® = —B,. (1.10)

These are the Bogomolny equations [16].
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Next we make use of the Bianchi identity and D;B; = —D;(e;xFjx) = 0 to

integrate by parts and compute the (D;®, B;) term.

(D;®, B;) = / d&*2Tr(D;®B;),

= /dQSioTr((bBi) —z,’g/dzsi Tr(®B;), (1.11)

T—Pn

where £ is the number of singularities in ® and p,, are the singular points of ®
and B’ in R3. The first surface integral is on the surface of a sphere at spatial
infinity and the remaining integrals are on the surface of infinitesimally small
spheres around the singular points p,. Kronheimer [17] established the following

conditions on ® so that these integrals do not diverge
. — — 1
lim |7 — p,||®| = =l,, (1.12)
T—pn 2

and d(|Z — py||®|) is bounded as & — p,,. We will explore the construction of the

dynamics of a monopole with one singularity at the origin in this paper.

Atiyah and Hitchin [18] provide a useful interpretation of our Yang-Mills-Higgs
theory on R?® with V(®) = 0 as a Yang-Mills theory on R* with a Euclidean

metric, identifying Ay with ®. So in this theory we have the notation
Dy = 0y — i[D,]. (1.13)

In this interpretation the Bogomolny equations are just the time-independent

version of the four-dimensional self-duality equation

1
F/uz - §€MV00F007 (114)



Chapter 1. Introduction 7

where F' is the field strength tensor in our four-dimensional interpretation.

For the gauge group G = SU(2) there is one simple finite energy solution to the

Bogomolny equations called the 't Hooft-Polyakov monopole [9] [10]

- =

g-T
i 2Ar (0 x7);
= (g 1) .

where o; are the Pauli matrices that span a representation of su(2). We present
the 't Hooft-Polyakov monopole solution because the singular monopole is a non-

linear superposition of this basic non-abelian monopole and a Dirac singularity.

For the rest of the paper we set the dimensionless coupling constant g = 1.

1.2 Moduli Space

As first discussed by Manton [19] and later by Atiyah and Hitchin [18], we can
model the low energy dynamics of a monopole by constructing its moduli space.
We begin by considering the infinite dimensional configuration space A of the
pair (A, ®) modulo “small” gauge transformations which go to identity on the
spatial asymptotic G: C = A/G. On this manifold we have the energy functional
E as we defined earlier in equation (1.4). The moduli space is the submanifold
in C where U is minimized, and as we have shown U is minimized when the
pair (A, ®) satisfies the Bogomolny equations. On this submanifold, we make
an infinitesimal tangential perturbation to (A, ®). We expect (A’, &), the newly

perturbed configuration, to remain on this submanifold. The motion of the
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monopole can then be described by the natural metric derived from the kinetic

energy term

T = (Ei, Ei) + (Do®, Do®) , (1.17)
where
and
Dqu = 80(13, (119)

using the notation from equation (1.13) and where Ay = 0.

Now how do we define the perturbation of A* and ®? We look at it from the
perspective of a perturbation in the collective coordinates 7. These coordinates
specify the different monopole configurations with the same topological charge
and will provide a natural set of coordinates for our moduli space. We therefore

have that

QA" = 6, ATy, (1.20)

O ® = 6, 0T, (1.21)

where ¢, is the derivative over all the collective coordinates, m ranges over
all the collective coordinates, and where the dot indicates differentiation with
respect to zg. In our case, the SU(2) singular monopole, one of the collective
coordinates m = 0 will correspond to the phase of the monopole and the other
three collective coordinates m = 1, 2,3 will correspond to the relative separation

of the non-abelian monopole with the singularity.
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However we also require that our tangent vectors be transverse to the orbits of

the small gauge transformations. We will call our tangent vector Z*.

A small gauge transformation of our pair (A, ®) produces a tangent vector
Z"™ = D,\" where A" vanishes at infinity. So we look for the conditions where

(zm,z2'") = (Z",D,\') = 0 ensuring transversality to the gauge orbits:

0 = / d*xTr(Z"D,N),

T—Pn

= / d*S: Tr(Z'N) —%F_, / d*St ., Tr(Z'A) — / d*zTr(D,Z"N).

We used integration by parts to go from the first to the second line of the above
equation. Recalling that the leading order of A’ vanishes at infinity, the first
integral vanishes if Z¢ is regular at oo. The k integrals around singular points p,,
require the tangent vector Z* to be sufficiently smooth at the singularities. The

last integral imposes the condition
D,Z" =0, (1.22)

making the tangent vector Z* a zero mode of adjoint covariant derivative D,,.
We therefore define our tangent vectors Z# = §A* + D, A where we have added
a compensating gauge term D, A such that Z# satisfies eq. (1.22). By differenti-
ating the Bogomolny equations we also have that the tangent vector Z" satisfies

the linearized Bogomolny equations.
D7 — D; 7" = DyZ* — D, 2°, (1.23)

where 7, 7, k are an even permutation of 1,2, 3.
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We can then write the appropriate form of the kinetic energy as
T=(22"Y+(2°,2°) = (z", Z"), (1.24)

where 4 =0,1,2, 3.
We can write the tangent vector as Z# = Z%Tm so that the kinetic energy is now

T=(z",72"T,T,, (1.25)
We define the metric on our moduli space as
Gmn = (21 ZH) . (1.26)

A useful physical interpretation of our derivation of the metric on the moduli
space is as follows. We start with a static monopole localized in R? and its
position and phase specified by the collective coordinates T™. We then make
these collective coordinates time-dependent T = T (x). For slowly changing
collective coordinates, the monopole changes with time but the field configuration
of the monopole remains close to our manifold of static monopole solutions. This
means that we are moving from one point to another point on the moduli space
parameterized by the collective coordinates T™. Therefore we can naturally
derive a metric from the kinetic energy term generated by the time dependence
of T™ as the metric on the moduli space. This is the low energy moduli space

approximation as first described by [19].

Also we can now think of the metric as computing the overlap of integrable zero

modes of D, in the background of the monopole (A, ®).
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1.3 Construction of the SU(2) Singular Monopole

We now go on to construct monopoles by using an extension of the ADHM
construction [20] of instantons developed by Nahm [21] [22] [23]. The Nahm
transform was formalized by Hitchin [24] and generalized to classical groups by

Hurtubise and Murray [25].

We directly follow B. Durcan’s thesis [1] to compute the explicit form of the

SU(2) singular monopole using the Nahm transform.

The Nahm equations are the self-duality equations eq.(1.14) when the connection
is x1,x9, x3 invariant. We can directly construct solutions to the Bogomolny

equations by using the solutions of the Nahm equations.

First we find solutions to the Nahm equations
0sTi(s) — il[To(s), Ti(s)] = —i[T}(s), Tu(s)], (1.27)

where i, j, k are an even permutation of 1,2, 3 and T* are Hermitian k x k (k € N)
matrices. The Nahm data of rank k are used to construct solutions to the Bogo-
molny equations in non-abelian gauge groups with non-abelian topological charge
k. The Nahm data can be used as the collective coordinates of the resulting

monopole. We note explicitly the gauge transformation of T*

T° = ¢7'T% +ig~'0,g, (1.28)

T — g 'T'g, (1.29)

where g(s) € U(k).
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For k = 1 this is just the U(1) abelian gauge transformation. For the rest
of this paper we will restrict our attention to Nahm data of rank £ = 1 and
consequently to monopoles of non-abelian charge 1. With £ = 1 we have that
the commutators vanish in the Nahm equations leaving 0,7;(s) = 0 which means

that T;(s) is constant.

Our Nahm data for the SU(2) singular monopole are defined as a piecewise

function over the real line s € R as follows

T =Ty(s) = Thup € R3Mors € (=, \), (1.30)

T =Tr(s) =Ty(s) = Tp e R3or|s| > A, (1.31)

where we labeled these intervals as follows: L is (—oo, —A), R is (A, 00), and M

is (=, N).

For our convenience we define the following quantities

F: f— '"tHP, (132)
7=7—Tp, (1.33)
J: ﬁth—fD :Z— _», (134)

fD is the position of the Dirac singularity in our final monopole solution and
Thnp is the position of the non-abelian 't Hooft-Polyakov type monopole. We
translate our system so that fD is at the origin: fD = 0 and f/th —d. We
rewrite the Nahm data as T(s) = ©/(s)d where ©/(s) = O(s+ ) —O(s — \) with

© as the Heaviside step function. We can gauge Ty away using eq. (1.29).
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We now discuss the boundary conditions and boundary data of the Nahm data.
We are particularly interested in the boundary conditions of the Nahm data for
intervals where the rank of the Nahm data is £ = 1 and does not change over the
boundary. With our singular monopole there is a discontinuity in T* at boundary
points s = +\. If we have two adjacent intervals with the same rank Nahm data
we must introduce jumping data fi at the boundaries between intervals. These
jumping data for k£ = 1 take the form of a set of 2 x 1 complex spinors. For a

further pedagogical introduction to jumping data see [25] and [26].
Due to these discontinuities we modify the Nahm equations to be as follows

dT;
ds

[T, T = T, T~ 6(s = N floufs — 3o+ Nfloif. (139)

Let us briefly review some of the properties of the spinors f, and f_. For
k = 1 the commutators vanish and we take the integral of the Nahm equations
over a vicinity of s = £\ and find £d' = % flai f+. This result implies that
floifs = £2d;, fife = 2d, and fofl = dlyys + & - d with d = |d]. We also
have that & - d. f+ = %df+. These spinors can be chosen up to an overall U(1)

phase. A gauge transformation on the Nahm data will transform the spinor fi

as fr — g(£A) fx.

T
We define a 2 x 2 matrix ¢ = I+ and find that Tr(p'p) = 4d. We use ¢ to

il

simplify the notation of our monopole construction.
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We define the following quantities

O =0(s—=N)Pip+ (s + \) Py, (1.36)
DL = —(0, +ia°) Iows — 0, (T7 — 29), (1.37)
A
A= "], (1.38)
A
A =06(s = NPA+6(s+ AP, (1.39)
(1.40)

and the 2 x 2 projection matrices P, = H% and P, = 1*2”3. We note that A

are 1 x 2 row vectors. We write the twisted adjoint Weyl operator as
Dt = (@ Jp;) . (1.41)

We then write the Weyl equation for the singular monopole

~

R A
Div = (gt p! :
o o)
= (—(0s+ ixO)IQXQ —0; ® (Tj(s) — xj))¢ (1.42)

+6(s — N feAy +0(s + N foA_ =0,

where v = is in the kernel of the fundamental Weyl operator.

¥

In our case for SU(2) there are two independent solutions to lqu/) = 0 over Z so

1 is a 2 X 2 matrix with columns forming an orthonormal basis of all solutions.



Chapter 1. Introduction

15

We adopt the instanton notation, used in [27] [28], for the rest of the paper to

describe our monopole constructions. In this notation vfv = ALAJF +ATA 4

[ dsipT(s)i(s). We choose normalized v such that vfv = 1oys.

The following solutions to the Weyl equation are found in [1]:

Yr(s)
Y (s)
Yr(s)

A_

Ay

G-7—izo)(sn) St S

= e 0 = Vuap(=A)N
St
= e "Yupp(s)N,

.I.
_ @rim) (s ST
= € —w’tHP()\)N7
e
i

— eimo)\ﬁd)/ﬂ{p(—)\)]\[,

- 7ix0)\i , MN
€ C—];_erthP( ) )

Y

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)

where (4 are spinors with the same properties we described for fi where ¢-2(4 =

+2(4, Ci(’i = 2z, and

w’tHP(S) =

a =

5> 39
|

=
|

r &-7s
\ SiHh(Z)\’l")e ’

z+d,
a® —1r? = 2zd + 27 - d,
(a® 4+ 7?) cosh(2Ar) + 2rasinh(2\r),

(a® + r?) sinh(2Ar) 4 2ra cosh(2\r),

a? + 12 + 2ra coth(2\r) L

\/ D Dsinh(2\r)
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We note that 1,y p is the Weyl solution we would use to construct the 't Hooft-

Polyakov monopole.

We define the Higgs field and connection as

d = ivfdpw = AMATA, —NATA_ + / dsiT(s)s(s), (1.54)
and
Al = ivto = iA:_)\aiA_i_ +iAL oA+ 1/ dsyt ()0 (s). (1.55)

The Higgs field and connection are as follows

oo 1\ K 1 o, -
a\ D 1 X
A = ((“5)2—5) .

_% (@ + (g _ 1) @50 . (1.57)

One can show that this solution satisfies the Bogomolny equations and have

a non-abelian charge 1. The 1-dimensional Green’s function of this singular
monopole as derived by Durcan in [1] can be found in Appendix A. The parameter
A is of dimension 1/1. The “radius” of the non-abelian monopole core is inversely
proportional to A, R ~ 1/), and the mass is proportional to A\, M ~ \/¢?, giving

mass the appropriate dimensions.

It was shown in [1] and can be seen from the above solution that T} corresponds

to the location of a Dirac monopole type singularity and Tonp corresponds to



Chapter 1. Introduction 17

the location of the non-abelian 't Hooft-Polyakov type monopole. For intervals
which are semi-infinite, such as L and R, we find a pole/singularity with abelian
charge in our Higgs field. The gauge fields near T approach that of a Dirac

monopole in some U(1) subgroup generator of SU(2).



Chapter 2

Translational and Phase Zero

Modes

2.1 Zero Mode Construction

Our first “attack’™ in computing the tangent vectors we would need to calculate
the moduli space metric of the singular monopole is to compute 6,, A* and 6,,,® us-

ing our previously constructed singular monopole pair (A, ®) in equation (1.57),

o 0

m = grm = pgm and m = 0,1,2,3 over the collective coordinates

and where 9§,

T =d™.

18
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S = 0, (2.1)
B 1 oo 'rq R A 1 D 2(1
5qq) - E(O {Z +2( q"’dq) ()\+22) ﬁ 22 }
r, - [2 2 A r
+;O’ L{Z—Z—Z(zq—l—dq)]\f} —;O'q), (2 2)

1, R A 2a N 2r a® +r? Zq

T(r X 2); (M - ag)} — — (0 % €4)i), (2.4)

where C' = cosh2Ar, S = sinh2M\r, M = aC +1S, N = aS + rC, ¢, is the
unit vector in the ¢ direction, and ¢ = 1,2,3 over the translational collective

coordinates.

We impose the condition that our tangent vectors are orthogonal to small gauge
transformations, as in eq. (1.22). This implies that if §,, A* is the tangent vector,

we must check to see if it satisfies

Db AP = 0. (2.5)
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However our current translational tangent vectors do not satisfy this condition
without some compensating gauge term. We will also need to find a non-trivial

gauge transformation A,, so that D, (6,,A" + D,A,,) = 0.
We can add a gauge term to 6,, A* while still satisfying the linearized Bogomolny

equations eq. (1.23). So we naively write our tangent vectors as

78 = 5, A" + DA, (2.6)

Our goal is to now see if we can find A,, such that some Z# satisfies the back-

ground gauge condition eq. (1.22): D, (D,A,,) = =D, (0, A*).

We start by making an ansatz, as in [29] [27], that
A = 0'Qp, (2.7)

mO 0
where QQ,, = Xm@3 where p™(s) € R and 0,Q,,, = 0. We note that

0 Pm(8)lax2
relaxing the condition 0,Q,, = 0 can yield to a slightly alternative derivation of

the compensating gauge term than described here.
Let us first calculate D, A,,
DA, = 9,(0'Quu) — i[iv'0,v,v'Q,u], (2.8)

= 00 Quu+ UTQmGMv — QﬂJTUUTQmU — v Qo' (2.9)

= 9 DFDIQuv +'Q,,DFD'o,v. (2.10)
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Here we have used that v are our previously found solutions eq.(1.47) to the Weyl
equation eq.(1.43), vIv = I, and the projection operator P = 1 —vvf = DFD?
where F(s,t) is the Green’s function of the covariant Laplacian: DIDF(s,t) =
d(s —1t).

We must now compute ETva.

~

. Xm03 0 A
DlQ.w = (¢ pl) ,
O pm(S)IQXQ ¢

mO3\
- () ;(m<:>w |
= SlymasA + D (p(s)0),
= P Xm03A — Op ()0 + pun(s) DL,
= ¢IXmosA = Opu ()Y — pu(8)TA,

N (@(Xmaf%—l)m(S)) - spm(s)> v, (2.11)

where we use Div =0 — STA = —]ﬂw to go from the 4th to the 5th line of the

derivation. We define

G - (Xm03 — Pm(5))@ | (2.12)

_8spm(8)'

To further simplify D,A,, we use the following simplification
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D'ov = —(9,DMv,

-~ ) ()

= —5,, (2.13)

where we defined our quaternionic basis as 0, = (ilax2,0;) and 7, = (—ilax2, 0;).

We can then write D,A™ as

DA™ = —lo,FGlv—'G,,F5,3,

= - / dsdt(5)0, F (s,8) (s = i (9))31A = Dpm ()0(5) ) = hc.

where h.c. stands for the Hermitian conjugate of the term preceding it.

Now we would like to see if we can get 9,,A* into a similar form, following a

similar derivation for instantons in [30] and [27].

We start with the definition of A* = iv'd,v. We then differentiate A* by 6, and
find

O AP = idmvTQﬂJ + ivTauémv,
= iémvTauv + i@u(vT(va) — iGMvT(SmU,

= D, (iv'6,0) — ¢'o,F(id,, D)o — v'(=i6,,D)F5,1.  (2.14)
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We used the projection operator P =1 —vv! = DFD' to go from the 2nd to the

3rd line of the derivation and we used ﬁTGMv = —0,0.
. )
We define C,,, = —id,,D = . We combine C,, and G,,,, H,, = C,,,+G,.
10m

We define our zero mode Z* as
ZF = 5 A" 4 D, (A, — i018,,0) = 6, A" + D,(Qn), (2.15)
where we define the gauge term Q™ = A,, —iv'd,,v. We can then redefine ZH as

Zt =o' H, Fo,) + o, FH v. (2.16)

We would like to see if there was some way we can determine x™ and p™(s) such

that Z! satisifies eq. (2.5). We first take the adjoint covariant derivative of Z# :
D, Z" = ' Fo,(H! D + D'H,,).5,F = 0 (2.17)
To satisfy this equation we require that

Tr(D'H,, + H} D) = 0. (2.18)

We adopt the notation used in [28] and [31] to simplify some of our further

calculations,

>

H = H,,(dT)" = , (2.19)
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where

¢ = (s =AN)Pi(=idp + xp — p(A\)p) + (s + A) Pa(=idp — x — p(=A)),

N

Y = (i-dT — 0,p(s))0'(s), (2.20)

where p(s) = p,(dT)™, and x = Xx;m(dT)™. Once we construct our gauge com-

pensating terms A™ we can determine what we must set as the value of y,,.

We now insert these definitions eq. (2.19) into eq. (2.18) to derive an equation

for p(s):

Tr(D'H + H'D) = &p(s)
+3(s + N)((—x = p(=W)Tr(e! Pog) = 5Tr( Podio = 3! Pagp))

+6(s — A ((x — p(A\)Tr(e"Pro) — %TT(SDTPI&;O — 5T Pry)),

— 0 (2.21)

We make an important note here that the vector H is the tangent vector over
Nahm data. We will use the tangent vector H in Chapter 4 to directly compute

the moduli space metric over the Nahm data.

After computation of the trace terms (see Appendix A, eq.(A.1)), eq. (2.21)

becomes

0 = &p(s)+6(s+ \)(=2dp(—=\) — 2d(dT° + & - dT + ¥ - dT))

+6(s — A)(=2dp(A) 4 2d(dT° + & - AT + ¥ - dT)), (2.22)
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where we used the results from [5] to simplify the quantities we traced over in eq.
(2.21). The vector @ is the Dirac monopole connection [8] which is the solution

to the U(1) Bogomolny equations Vg X & = V4V with potential V = X + .

From this equation we can see that away from s = £\ the second derivative of
p(s) is zero which means that it is linear. We also see that when we integrate

over a small neighborhood of either s = +X or s = =\,

—0p(s)| 2" = Op(—A=) = dep(=A+) = =2dp(—A) — 2d(dT° + & - dT — ¥ - dT)),
—9p(s)| Xt = 9p(A=) — Ap(\+) = —2dp(\) + 2d(dT° + & - dT — X - dT)),

(2.23)

where there are discontinuities at s = £\ in the first derivative of p(s). This

tells us that p(s) is a piecewise linear function. Given these conditions and egs.

(2.23) we can find p(s) to be

S

Vv

\ ~ _
pr(s > \) = V(dTO +&@-dT + - dT)),

pu(s) (dT° + & - dT + x - dT)),

A\ _ -
pr(s < —A) = —V(dTO +&-dT +x-dT)). (2.24)

2.1.1 Phase Zero Mode Construction

We start with the gauge zero mode Z}f = D, Ay which is the zero mode associated
with “large” gauge transformation, which “rotates” the monopole’s framing at

infinity in the unbroken U(1) subgroup of SU(2).
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We note that A is the adjoint solution to the covariant Laplacian D,D,Ay =0
using pp = 1> and xo = 1:
03 0

Qo(s) = : (2.25)
0

<

We use our previous equation (2.7) for A°

N 02><2 A
A = s (At 78 ,
/ 5( Y (S)> Ois s (6)

= / dsALAL — ATA-

N / sl (s)po(s > A)ir(s) + / " syl (s)pols < —Ar(s)

00 A

+ / dsiy(s)po(s € (=X, A\)tb(s),

A

- %(5 - #(22sinh(2)r) + 2 cosh(2Ar) (2+ 7) — 2(Z - ) + 2r

+%(2d Sinh(2Ar) — 2 cosh(2Ar) (7 - d) + 2(7 - d)
1

sinh(2\r)

D
+ 22

(277 coth(2r) = 1)) + 727 - d). (2.26)

We find the following leading and subleading order for the asymptotic expansion
(where r — 00) of Ay.

g1 L1 ~2
AN=0 7’(1 2V7‘+O(T )) (2.27)

Next we calculate A, using p,(s). We can split p,(s) (where p(s) = pp(s)dT™)
into two parts: py(s) = Wy + XgPo(s) where ¢ = 1,2,3 over the translational

collective coordinates. Using this form of p,(s) we can split the construction of



Chapter 2. Translational and Phase Zero Modes 27

A, into two simple computations by splitting (), into two parts:

Xios O2x2 .
Qq = . = Qq + XqQOa (228)
O2x2 87 + X™o(s)
0 0
where @ = 02X2 2::
2x2 ST

We plug this into (2.7) and find Ay = v1Qiv + x0T Qov = A% 4 xgAg. From this
and the asymptotic expansion eq. (2.27) we see that a non-zero x, changes the
framing of the monopole at infinity. Since this direction from y, corresponds to
a change in phase, and we seek to only study the translational modes, we are
looking for no change in framing from our gauge term A9. Therefore we must

have that x, = 0. So A, = Aj. That just leaves us to compute A? using Q;:

. 0 0 A
A, = /ds (AT W(S)> 2%2 w2x2 ,
O2x2  s7t1axo ¥(s)

00 -
= [ askua) - [ a Gt
A
+ / A ds%zﬁw(s)sw]w(s), (2.29)
giving
A, = %%{5 - #(2d sinh(2\r) — cosh(2Ar) (7 - d) + 2(7 - d)
LSRN oy oth2ar) — 1)) — 25 - d. (2.30)

272
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The asymptotic expansion of A? is

L o (Adw, 1 dw o= 1 _3

From the asymptotic expansion we can see that there is no change to the framing
of the monopole at infinity.

Now we must construct 7v'§,v. In Appendix B we have constructed many of the

intermediate terms we use in calculating iv'd,v.

We find that

(& - #(—2sinh(2\r)w,d — cosh(2r)7 - R,d

ivT(qu = —

D

. N 3
i Ryl — = (42w,d = 27 Byd))
D inh(2)
—( x 7)q (9 — 2 cosh(2Ar) — sinh(2Ar) + = ()\ = M))
r T r
—G+ Ryd}, (2.32)

where ¢fd,p = d, + idG - ]%q. The asymptotic expansion of iv'd,v is

31
wldu = -7 (—wq + (wqd — %df . d) - + O(T_Q))
Hax ), (5 +00™). 2.33)

The combined asymptotic expansion of Q, = A, — ivfd,v is
Lo w .o 1/242d\\ 1 _
Q, = U-r(wq— (ﬁ—?ﬂdqu) ;—i—O(r 2))

@ X P, (% + O(T—z)) | (2.34)
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2.2 Zero Modes of SU(2) singular monopole

Recall that our zero modes were defined as 7% = 0,,A* — D,(},,.

Our gauge zero mode is

7! = D, Ny, (2.35)

with AY as computed in eq. (2.26). The components of our translational zero

modes are

S LY 1), D &

Z, = 7 r{z+2(zq+dq) ()\+2Z>r£ ZQIC} (2.36)
r, - [Z 2 4 r
+;U dJ_{Z—;I—Z(Z—qu)N}—;O'q
WeA 2r . 2z 1 L
- —{—— A+— | K- — 2dS
LV zL" 7 (( +22 2r *
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i - . 5 2a N 2r a®+r? 3
2 - oenfinafae3) (-2

+(3 x d); {r% - 3—2 (24 +dy)

—G - (g — 1) ((T X 2); (2r(2qﬁ+ d) . %) I g(r X eq)z>

Al %) (i 5 (M — o)

+%{ {2Sd— ACT - d + 47 - d + 22;1 (w% - 1)}

x {—%(S(é‘ia +15) + Cfia+ r2) + 2ARK) — 27, <()\ +3) % - % - g)]
+2C(2X7)(d — 257 - d) + 27,C + (2»% - 1>

X {QS(éia — 7“1-)2;742 + DT?C' - 2?3@5] + e? (C’ - %) 13
—(Fxé)i+5 J{j—z (QSd —4CF - d+ 47 d+ gi (m% - 1))

(e ()2 ) i)

+4Cf£2 — 47 J’((A + %) % - % - g)} — D;(iv'o,v). (2.37)

These zero modes were independently verified as satisfying the linearized Bogo-

molny equations and the background gauge condition using Mathematica.
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We find the asymptotic expansion of these zero modes as we will need these for

the computation of the monopole moduli space metric in the next chapter.

Zy = 0, (2.38)
I r _
Zi = G i(—ee 4+ O(r ), (2.39)

X pi i(l + 4Md) (7 - d)fi — m)}. (2.40)



Chapter 3

Metric of the Monopole Moduli

Space

We now use the zero modes found in the previous chapter to compute the metric
components gop and go, of the SU(2) singular monopole’s moduli space. We an-
ticipate, based on [? |, that the moduli space is Taub-NUT. The Taub-NUT space
is a self-dual Einstein manifold first described by Newman, Unti, and Tamubrino

in [33].

3.1 qgoo

We start with the relatively simple computation of goo. To calculate the metric

component go all we need is the gauge zero mode from eq. (2.35) and the metric

32
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formula (1.26). The metric component integral is

goo = d*xTr(Z5ZY),

d ZETT D A()D AQ)

Il
\\\

Pt 5 Tr(DuD L(A2)),

1 .
= / d2S'_0,Tr(A2) — / 28! 0 Tr(A2), (3.1)

where to go from the second to the third line we made use of the fact that

D,D,Ay = 0. All partial derivatives 0; are with respect to r’.

Now we refer to Ay and its asymptotic expansion as we calculated in the previous
sections and in equations (2.26)(2.27). We also have, from our definition of Ag
eq. (2.26), that Ag is non-singular and smooth at the origin z = 0 which means

that the surface integral around the origin in the above equation vanishes.

The key ingredient in computing the metric component will be the r~! term in
Tr(A3) so when we find the explicit form of Ay we will be especially interested

in the asymptotic expansion at r — oo from eq. (2.27) .

%TT(A2) =1- %% +O(r 2), (3.2)
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and the integral would be

1 , 1 ,
g0 =5 / PSLOTrN) = / d0dgr? sin(6)F O, Tr(A2),
, 11
= /d@dger sin(0)70;(1 — —= + O(r™?)),
Vr
17
= dfder? sin(0)7' — —
/ ¢resin(0)r =1
1
= /d&dgb sin(f)—. (3.3)
%
Thus our metric component ggg is
47
goo = v (3.4)
3.2 9oq
We compute
Jog = / d*zTr(D, A Z7), (3.5)

using our translational zero mode in equations (2.37).

We take advantage of the fact that D, ZF = 0 to write the term inside the integral
as D,A°Z? = D,(A°Z%). Then we take the trace of this term T'r(D,(AoZF)) =
,Tr(AoZl) = 0iTr(AoZ,) where we have also used the fact that the zero modes
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are static. This allows us to write go, as a surface integral

Jog = / d*SL,Tr(MZ)),
= /d€d¢r2 sin(@)TT(AofiZ;),
= /d9d¢r2 sin(0)Tr(Ag?* (5,A" — D). (3.6)

Asymptotically we have Ag = (1 — 5% + O(r~?))d - # from eq.(2.27). We also

have the asymptotic result

vigi _gop (Yo Y s L -3
Mz, =37 r(2v 2V(1+4)\d)(r d)r2+0(7" )), (3.7)

from our previous result eq. (2.40).

With the asymptotic expansions it is simple to calculate the surface integral

/dQSiOTT(AOZZ-q) = /d9d¢r2 sin(0)Tr(G - #(1+ O(r™))

Wq

X3 - Pl ((1 — (1 4 4Xd)(7 - J)) %+ O(r_?’))%

-

= /d9d¢r2 sin(6)2 (;—‘j (1 — (L +4Ad)(7 - d)> % + O<7"_3)> )

-

_ /d9d¢sin(9) (% (1 — (1 +4Xd)(7 - >>> ’

= 41, (3.8)

V

|
e

where we used that r — co and [ dfsin(6)r - d
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Thus our total metric component go, is

Gog = 4m—". (3.9)

3.3 gy

The moduli space of our monopole is hyperkéhler [? ] [18] and has a triholonomic
isometry. It suffices to know the metric components ggo and go, to completely fix
the metric given these properties. Nevertheless, here we will now try to compute

Jpq- We warn the reader that this is not complete and only gives a partial answer.

Ipq = / dPxTr(ZEZE). (3.10)

We can simplify the computation of this integral by extracting some boundary

surface integrals. We recall that ZF = 6,A" + D,£2;. So we have

Z070 = 6,AMZI + D,Q, 7",

= §,AMZ" + D, (2,21, (3.11)

where me made use of the condition D#Zé‘ = 0. Now we turn our attention to

the first term on the second line, 6, A*Z¥,

S, AR ZE = §,AFS, A + §,AF D, (3.12)
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We can rewrite the second term on the previous line as
0,A"D, ), = D, (6,A*Q,) — D,0,A"Q,. (3.13)

We make use of the identity D,Zl = D,6,A" + D, D,Q, = 0. So D,6,A"Q), =
—D,D,Q,Q,. We can rewrite the last term in equation (3.13)

DD, = D,(D,2,9,) — D,2,D,0,. (3.14)

We use this result to separate the equation (3.10) into a surface boundary integral

and a volume integral

dPxTr(ZEZ1),

9pq =

d*SLTr(0 2y + Z,9,),

I
o~

/ d*xTr(6,A"5,A" — D,Q,D,Q,).

(3.15)

We can use our previously found asymptotic results for Q7 eq. (2.34) and Z eq.

(2.40) to compute the surface integrals

Wep

o (3.16)

/ 2S1Tr(Q177) = / S Tr(Z907) = dr
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Plugging this into equation (3.15) we get

Gpg = / d%Tr(Zgzg),

- 47#’“"17% + / PaTr(6,A"5,A" — D,Q,D,0,).
(3.17)
We anticipate, but have not computed, that the volume integral will be
/ &>z Tr(6,A"0,A" — D,Q,D, Q) = 47V 8, (3.18)

where 0, is the Kronecker delta. We will calculate the moduli space metric over
the Nahm data in the next chapter and in chapter 5 we will connect this result
with the monopole moduli space. In conclusion the only hyperkahler metric with
U(1) isometry and goo = 47T% and go, = 475+ as we computed in sections 3.1

and 3.2 is

N 2

L, 1
ds* = 4 (VdT2 + (dT0 +a- dT) ) . (3.19)



Chapter 4

Metric of the Moduli Space of
Nahm Data

It has been shown by Nakajima [3] and Maciocia [4] that the metric of the Nahm
moduli space and the metric of the monopole moduli space produced by the
Nahm transform are isomorphic for regular monopoles. We calculate the metric
of the Nahm moduli space in this chapter. We use the hyperkahler quotient

construction method, as described in [5] [34].

We perform the hyperkahler quotient construction of the metric over the Nahm
data by first finding the metric over T" with a trivial gauge action at the bound-
aries and the metric over the jumping data ¢ with non-trivial gauge action, and
then we take the direct product of these spaces and mod out the U(1) gauge

action finding the metric on the moduli space as a U(1) hyperkéhler quotient.

39
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Let us review our Nahm data for our SU(2) singular monopole construction
T(s) = TO'(s), (4.1)

where T' = d and ©'(s) = O(s + ) — O(s — \). We also have the jumping data
fi
il

The tangent vector over the Nahm data T* is (dt°,dT*, dT?, dT?) where di is

spinors ¢ =

the collective coordinate associated with the gauge action. We consider a group
action that is trivial at the endpoints of the interval (—A, A) and non-trivial in
between the endpoints: g(s) = e/*) where f(£\) = 2mn, n € Z. The group
action is t° — t9 — 9, f(s). Due to the condition of triviality of the group action
at the end points g(s) = e""x ™ : 0 — 0 4 *n , we determine that " € S,

a periodic coordinate. Therefore the metric on just the Nahm data with trivial

gauge action at the endpoints is

ds? = /_ pre ((dt0)212x2 v (df)212xg> — 4) ((dt0)2 + (df)2> . (42)

The moduli space is S' x R?, where S! is of radius \%

That leaves us to consider the metric from a group action which is non-trivial

at s = £A. Such a non-trivial group action g(s) acts on the jumping data as

Fo = gV fe and f- = g(—\)f-.

The metric over the jumping data is [5]

1
2Tr (8p'dp) = ﬁ(dF)Q +2d (dyp + & - d7)?, (4.3)
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where in the above equation & - 7 = ¢la3p, r = |7}, and ¢ = €73¥/2q where a is

pure imaginary a! = —a.

As is shown in [5] as well as [35] the moment maps of the gauge action tell us

that 17 =T. We combine these two metrics to get

1
2

o 1
ds? = ANdT? + 4\(dty)* + ﬁdFQ +2d (dip + & - d)?,

(a2 df2+)\(dt)2+§<d¢+2c3-df>2
2d 0T ’
. d A\ 2
- 4(VdT2+A(dt0)2+§(d¢+2@-dT> )

(4.4)

after we use the moment map relation we described above and V = X + 2—1d.

We now define a quantity Ty that is invariant under non-trivial U(1) gauge action

at the boundaries: 27y = ¥+ 2ty and find dip = 2(dTy) —2\(dty). We substitute
. 2

this back into A(dfo)? + ¢ <2(dT0) 425 dT — 2)\(dt0)>

—  A(dto)® +2d ((dTy) + & - df — A(dto))”

= (A +22d) (dto)? — ANd(dto) (dTO Iy df) +2d (dT0 Iy df)2 ,

A+ 2\

2)Md o\ 2

2
— (A +2)%) (dto oA (a1 +3- df)) ,

where we have expanded the terms and completed the square. The first term
on the last line is the only quantitiy acted on by the group action and is therefore

N2
modded out. The second term on the last line is simplified to - ((dTg) + @ - dT) :
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We plug this in back into eq.(4.4) and get the metric on the Nahm moduli space

- 1 N\ 2
ds® = 4 (V(dT)2 + 3 (dT0 +- dT) ) : (4.5)

Equivalently, rather than quotient out the group action from the combined met-
ric, we can also find tangent vectors which are orthogonal to small gauge trans-
formations and calculate their overlap to construct the metric. This method is
similar to the direct computation of the moduli space metric discussed in [28],
and is also similar to the way we constructed the monopole moduli space metric
in Chapter 3. We adopt the notation < h >y= [ dsh(s). The Nahm moduli

space metric is defined as

ds? = (Tr(H'H)) = Tr (<YTY> + 206t (é>N> . (4.6)
N
¢
We have, as in (2.19), our Nahm tangent vector H = | | which satisfies the
Y

Nahm background gauge condition, and where Y and ¢ are, as a reminder, defined
as follows Y = ©/(id - dT + T (dT° + & - dT)I5ys) and ¢ = 8(s 4+ A) Py(—idp —
2(dT°+ - dT)p) 4 6(s — \) Py (—idp + 2 dT°+ & - dT)p) where we have chosen

that x? = 0 as in section 2.1.1.

We calculate in a straightforward manner

o . 4 .
Tr <YTY> — 4N(dT)? + V—);(dTO @ dT)?, (4.7)

N
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A~ . )\ 0 — =
&)y = —idp+ v(dT + - dT)osp, (4.8)
A -
(e, = idp'+ v(dTO + & - dT)plos. (4.9)
So using these results we calculate
OTr () () = 2@l +8d (1= 2+ 25 ) (@10 + @ - afy? 4.10
T<C>N<C>N_E( )+ _v‘FW ( +w- ) ( )
We combine equations (4.7) and (4.10) and find
. 1 .
ds® =4 (V(OZT)2 + V(dTO + - dT)2> : (4.11)

which matches eq. (4.5) and is the Taub-NUT metric.

In the previous chapter we compute the metric on the moduli space of the singular

monopole. In this chapter we computed the metric on the associated Nahm data.

Therefore we have explicitly verified the isometry between these two moduli

spaces.



Chapter 5

Corrigan’s Formula

We can also take advantage of the Nahm construction and Corrigan’s inner prod-

uct formula to prove the isometry of the metrics we computed in Chapters 3 and

4.

We recast Tr(ZKZ") as a second order derivative using a remarkably useful

formula first devised by Corrigan in an unpublished work that was quoted and

used by Osborn in [6].

Using our previous definitions of Z¥ in eq. (2.16) and H in eq. (2.19) we can

rewrite T'r(ZF Z#) per Corrigan’s formula (as applied by [31]):

Tr(Z,2y) =

_%82Tr /_OO dsF (s, 5)(}7”2(8)?71(8) + YT(S)Ym(S)

6l (8) < &y > 46 < 6 >)
1 & N -
50T / dsdtF(t, ) ([emd + V1 (5)mD(s)]

—0o0

F(s,6)[DI(t)Y,(t) + ¢'én)), (5.1)

44
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where from our construction of the zero modes we have Y = ©/(ig - dT + +(dT°+
&+ dT)Ioxs) and ¢ = (s + \) Po(—idp — 2(dT° + & - dT)p) + (s — \) Py(—idp +
2 dT+ - dT)p). An explicit derivation of the preceding formula can be found
in [27]. We adapt the use of this formula from [28] [31] to our singular monopole

case.

We integrate the volume integral for the metric component g,,, by parts to get
a surface integral
1 , o0 . .
o = / PaTr () = — / S 0,Tr / dsF(s, 5)(V1 (5)7,(s) + VI (5)Vin(s)
+él (5) < 6y > 46l < 8 >)
1 ) 00 o) . N
+3 / d*S. 0, Tr / ds / dtE(t,s)([emp + Y5 (s)D(s)]

F(s, t)[DF ()Y, (t) + $Tén)). (5.2)

To simplify the above formula we note that asymptotically the covariant Lapla-
cian becomes DY (s)D(s) = —924r2, so the asymptotic Green’s function is defined

by the Sturm-Liouville equation

A

DY(s)D(s)F(s,t) = —0%F(s,t) + r*F(s,t) = 6(s — t). (5.3)

From this we determine that asymptotically

F(s,t) = el (—— + O(ﬂ)) : (5.4)
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This means that F(s,s) = —=+0(r™%), F(s,£\) = "7 (=L + O(r7?)), and
F(£A,t) = "7 (=L + O(r=2)). We also have asymptotically that

A~ A

D(s)F(s,t)D'(t) = 6(s — t), (5.5)

and F?(s,s) = O(r2).

Since we are investigating surface integrals in eq. (5.2) we are only interested
in the O(r~!) part of each term in the integral. Let us investigate the terms

separately in the surface integral in the 3rd and 4th lines of eq. (5.2).

First we have

~

/ds/th (t, )Y (s)D(s)F(s,t) DT ()Y, (t),
= / ds / dtF(t, s)Y](s)0(s — t)Yp(t),
_ / dsV ()Y, (s)F (s, 5), (5.6)
which we combine with the terms on the first line of eq. (5.2). We also have the
terms [ ds [ dtF(t, s)él pF(s,t)pTé, = O(r2) and [ ds [ dtY;}(s)D(s)F(s, t)pfé, =

[ dsY}}(s)D(s)F (s, \)@én F (N, s)+ [ dsY}l (s)D(s)F(s, —=A\)@én (=), s) = O(r~2)

after integration.

We combine these results and the asymptotic behavior of F' into eq. (5.2) to find

the following expression for the metric

/d3xT7’ (Zk 71y = 4/d9d¢sm )T'r << > —i—2<cm>N<én)N>,

- 7TT7“<< 1Y >w 2(e) (@ >). (5.7)
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We note that T'r <<?T}>> +2(et) (6>N> is the Nahm metric which we have
N

already calculated in the previous chapter.

Tr (<YT1>>N +2() <a~>N) — 4 (V(df)2 + %(dTO @ df)?) . (58)

So after simply inserting the Nahm metric into eq. (5.7) we find

L1 o
ds® = GundT™dT™ = 47 <VdT2 + 5 (dT0 46 dT)Q) : (5.9)

where gog = 47 jand gy, = 47r‘% just as we calculated in Chapter 3, equations

(3.3) and (3.8).



Chapter 6

Conclusion

We found the following results in this thesis. We explicitly constructed the
phase zero mode and translational zero modes of the SU(2) monopole with one
singularity. These zero modes can be found in equations (2.35)(2.37) and their

relevant asymptotic expansions in equations (2.27)(2.31)(2.33)(2.34)(2.40).

We then computed some of the metric components of the moduli space of the
monopole using these zero modes and their asymptotic expansions. The ggg
component is found in section 3.1 and in equation (3.3). The gy, component is in
section 3.2 and in equation (3.8). The g,, component calculation can be found in
section 3.3 and is separated into a surface integral boundary term part that we
evaluated in eq. (3.16) and a volume integral part in equation (3.17). The surface
boundary term is computed. Further work would include the computation of the

volume integral in this equation.
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To compare with our monopole moduli space, we computed the moduli space
of the Nahm data, using the hyperkéhler quotient construction in eq. (4.5) and

direct computation using the Nahm zero modes in eq. (4.11).

Finally we directly connected the moduli space over the Nahm data with the
SU(2) singular monopole moduli space using Corrigan’s inner product formula
eq. (5.1) and the asymptotic behavior of the monopole’s Green’s function. Thus
we provided an independent proof of the isometry of the moduli space of the

Nahm data and that of the singular monopole.
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Appendix A

Construction of AY

In order to go from eq. (2.21) to eq. (2.22) we directly compute the trace terms
in eq. (2.21).

Tr (ngPl,ggo) = 2
—iTr (@TPﬂSgo — 5g0TP1g0) = 2d <dTO +d- df)

—iTr (o' Pybp — 6ot Pyp) = —2d (dTU - df) (A.1)

We describe here the intermediate terms in the construction of the singular
monopole and also the gauge terms A and AY. First we compute AT A_ and

ALA,.

1 - L
AT A = N2 T = —3TA -~ T -
N sinh(2Ar) D° (-6-e

= %(cosh()\r) — & - 7sinh(Ar))(z — & - Z)(cosh(Ar) — & - #sinh(Ar))
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1 .. -
AT A _ N2 r = FTA t G
e sinh(2\r) D° GHire

(cosh(Ar) + & - 7sinh(Ar))(z 4+ & - 2)(cosh(Ar) + & - #sinh(Ar))

Y

We then simplify ALAJF —ATA_

ALAL —ATAL = % (22 8inh(2\r)G - 7 + 26 - Z+ (2 cosh(2\r) — 2)(Z- )& - 7)
(A.2)
) T T
Next we'll compute [ dsi}vr, and [ dsyLig.
1 - = o
d T _ d N2 r —9 —G-TA = —G-7FA 2z(s+N)
/ sYrr / s Snh(2) D ze (d+3d-de e
2 = o
_ /d8%6_0 r)\(d + 3 d)e—a r)\€2z(s+)\) (A 3)
1 - .
d T _ d N2 r —9 G TA d—5- A —22(s—X)
/ SURvn / ° sinh(2A\r) D 2 (d =G d)em e
2 - = o=
_ /ds%e”“(d — - d)emr)\e—zz(s—)\) (A4)
The integrals f:o’l dse* TN = L and [ dse 27N = L.

We simplify [ ds (@/}LQ&R — @DEIbL)

-

>

/ ds (w}%@z)}-{ —wzwL) - %(2dsinh(2)\r)5- b 95 -d— (2 cosh(20r) — 2) (7~ )& - 7)
(A.5)
Finally we compute [ dssil
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[ dssul

L

r L
N2 2G-T's
/ sinh(2Ar) °

D
/ds%se

Dsinh(2Ar) 1

25-T's

52 (2Ar coth(2Ar) — 1) - 7
,

(A.6)

The Green’s functions for the covariant Laplacian would be as follows and are

cited directly from [1]

F(s<=M\te(=\N)
F(se (=M\)N),te (=\))
+ coshr|s — t|IC — sinhr|s — t|L}

F(s> A\t e (=\N)
F(s < =\t>))
F(se (=M\A),t>)\)

F(s>A\t>\)

Note that F(s,t < \) = F(—s,t > \).

6z(s-i—/\)
(rcoshr(t —\) — asinhr(t — X))
1
ﬂ{cosh r(s+1)(r* — a?)
67,2(37)\)

(rcoshr(t+ A\) 4+ asinhr(t + \))

z(s—t+2X)

re
L

efz(tf)\)

7 (rcoshr(s + A) + asinhr(s + X))
e—z|s—t|

2z

—(st—2n) £ — 22(r cosh 2Ar + asinh 2)\r)
—e

2zL
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Appendix B

Construction of ivT(qu

In this appendix we construct iv'd,v where v is defined in eq. (1.47) and §, = a%,'
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First we find d,v.

_ _Ci(sqf‘F /£ Dr —GFAS _GTA
(SqA+ = A+ ( CT f+ ‘I— D 5(1 £ +€ (5 )
_ CT(S f— L Dr G —0-FA
0A- = ( i + Dréq“ 1e + e 0q4e >
_ 0 f—];-C 07")\ —O’T’>\
oL = Y <_ﬂ—C 0ge 1\ 7 Dr \/
Le(stN) C+0q f+ oA /DT
i@
0 fT C— 707“ aT / /
5¢R = wR ( fTC )\6 )\ >
te —z(s— /\)C 0 f— Ur/\ Dr
e VL
Sl = ( T i ) (B.1)

We then use these terms to construct ivT(5qv:

wlop = iALS,A_ +iAl A, (B.2)
-\ A 00
i / dsib] ()6, 01 (s) + / Aty (3)8,6n1 () + / dsibly(5)8,0m(5)
—o0 —A

A
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which after substitution gives us

, [ L
’wTéqv = D

A L
+(z/ dszL?ﬂL + iALA,)(e‘?'F’\(Sqe’ﬂ"M — %déqffiC)

[ . —G 7 ——o 7, 1

i [ dswhon+iALA (T Pge 7 = Sl A1)
A

[— —G 7 . .

5 (e MO fle @™ 4 @A 5, fleT ™)

+ / dspl ihprre 5,67 (B.3)

We compute the following

iAT A +z’/ds¢}¢L = i—(M —NG-7)
¢A1A++z’/ds¢k¢fc - z’%(M+N5-f)
z% (am fibofle @™ + e f 5, f1 em) = (iCd, — iSi, — CG - R

+(2Swyd — CF - Rid + 7 - R1d)& - 7)

GALA i [ sl 0P, ™ 4 GALA + i [ dsvhm)e 75,6

_ % (=N(2\ry) + (MC — M — SN)i(& x 7),)

i / dsipl e 7557 = —z'% (qu(m - E) + 1(s — 2)r)i(F X f)q)

2r r
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/£5 Dr _ Q(aciq—rq)_@
Dr '\ L D r

K 24 . .
((rdy = aig)C + (r, + ad,)S)

NPy — — —
+ qu, 7

- SRl A i [ dsulin) - 5clo,fuflc)GALA +i [ dsuhun)

- —z‘DLE (QM(chq + 2) + N(—idzwyd + i27 - [d)G - 7")

where we have used the following results

Fidgfi+ foo, 1 =d, +id - Ryd

Fedgf L+ 00 f 11 = dy + o,

frbofl — fo0f1 = —iR1d + 0, = i2w,d + o,
Fobof T = 6, fr f1 = i2w,d — iG - R9d (B.4)

where ﬁq are the canonical right one-forms on the group SU(2), also known as

the Maurer-Cartan one-forms. Ri = —2w, where V x&=V(+ ).

As a reminder we have a = z +d, D = a®> — r?, C' = cosh(2)r), S = sinh(2\r),
M =aC+rS, N =aS+rC, K = (a*+r*)C+2raS, and L = (a*+1?)S +2raC.
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We combine these intermediate terms to construct ivTcqu.

wiow = {7 F(—2sinh(2\r)w,d — cosh(2Ar)7 - R,d

Y

_ N 5
- (-2
D inh(2
—(0 x ), (g _¢ cosh(2Ar) — sinh(2Ar) + .~ (>\ - w>>

r r
—& - Ryd} (B.5)
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